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ABSTRACT

There have been many efforts to study the effects of cosmological expansion on the
bending angle of a light ray due to gravity, simply because it can be used as a way to
measure the cosmological constant or possibly the rate of change in it. This work specially
focuses on a McVittie spacetime, which is a suitable metric for the behavior of the universe
at large scales for this special kind of purpose because it models a black hole embedded
in an expanding universe. We calculate the bending angle for the case in which source,
lens and observer are aligned, as a function of acceleration. We will work with this metric
assuming the change of cosmological acceleration in time is so small that we can take the
linear order of it in expansion. Using the geodesic equations for a light ray and assuming a
known typical distance or redshift of the lens and the source, we calculate the bending angle
numerically. Comparing the results for different calculated bending angles and different
distances or redshifts will give us a sense of global acceleration.
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CHAPTER 1
INTRODUCTION
The discovery of cosmological expansion has a long history. It was first included in
theory, then got abandoned and then by experimental evidence came back to sight. The
Einstein field equation is written in a way that it contains the geometrical representation of
spacetime on one side and the source (matter and energy field) that generates that spacetime
geometry on the other side. The first time a cosmological constant (expansion) showed up
in this equation was when Einstein entered a cosmological constant Λ to his gravitational
field equation,
1
Rµν − Rgµν + Λgµν = 8πTµν ,
2

(1.1)

where Rµν is the Ricci tensor and R is the Ricci scalar of the spacetime metric gµν . By doing
this, he wanted to have a static universe, but the fact is that a universe with a cosmological
constant can not be static, except for a particular value of Λ, but even in this case it does
not explain a stable static universe as he wanted; in fact it causes an acceleration with a
little deviation, for this reason some people think that the cosmological constant might be
a candidate for the dark energy [1]. This acceleration was confirmed by Edwin Hubble.
Hubble, observing the redshift of deep space objects, realized that the farther the objects,
the faster they recede from us
v = H0 D,

(1.2)

where v is the velocity of recession, H0 is the Hubble constant (which as we will see later is
related to the cosmological constant) and D is the distance. Before Hubble there had been
efforts by different mathematicians and physicists specially Lemaı̂tre on expanding universe
(see for example Ref. [2]). This linear approximation of dependence of velocity on distance,
1

however for more distant objects deviates since this parameter has changed over time and
soon there was a need for a cosmological model with time dependent Hubble parameter to
describe the expansion of the universe more precisely.
After this important discovery, physicists started to think about the consequences
of such accelerated universe and possibly measuring its value using different methods such
as redshift of distant objects. One of these consequences can be an effect on the lensing,
showing up in the bending angle of a null ray which is the main purpose of this thesis.
The physical reason for this acceleration is not well understood yet and is one of the
active branches of physics both in high energy and gravity. The name that is given to the
cause of this expansion is dark energy. In gravity two of the popular theories that are being
used to explain dark energy are a cosmological constant or a scalar field (quintessence) which
differs from the cosmological constant in this respect that it is a function of time and space.
However in high energy physics this is usually referred to as the vacuum energy.
Recently the studies on type Ia supernovae, which are the exploding white dwarfs
that have exceeded their stability limits, have shown that the expansion of the universe is
not with a constant rate and it is accelerated [3]. This motivated us to generalize the works
that have been done on a universe with constant rate of expansion to an accelerated universe.
This job requires use of a suitable metric solution of Einstein’s equation having a
massive object that can be regarded as a lens, and has nice asymptotic behavior, namely
the Schwarzschild spacetime for the limit of no global expansion and Friedman-Lemaı̂treRobertson-Walker (FLRW) for large distances.
The effects of expansion on bending of the light have been studied for 30 years, since
Islam’s 1983 paper [4] on light trajectories in SdS spacetime but this issue has raised more
attention in the last 10-15 years. For a review of these works the reader should refer to works
by Ishak & Rindler [5, 6].
To talk about the bending we should introduce a few useful concepts. In a spatially flat, homogeneous, isotropic cosmological model, described by a so-called Friedman-
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Lemaı̂tre-Robertson-Walker metric, the line element of the spacetime is of the form

ds2 = −dt2 + a2 (t)d~x2 ,

(1.3)

where d~x2 is the line element for the Euclidean 3-space, in the time gauge in which t is proper
time along a comoving worldline, with spatial scale factor a(t). The Hubble parameter which
is known as the “expansion rate” and corresponds to expansion is defined as

H(t) :=

ȧ(t)
,
a(t)

(1.4)

when ä(t) 6= 0, and q is known as “deceleration parameter” and is defined by

q :=


−ä(t)a(t)
Ḣ(t) 
≡
−
1
+
.
ȧ2 (t)
H 2 (t)

(1.5)

Studies on the redshift-luminosity relationship for supernovae indicate that q < 0. A
p
cosmological constant Λ corresponds to constant values of H(t) = H0 = Λ/3 and q = −1.
For this choice of expansion the metric used to model a gravitating body such as a black
hole in a cosmological background is the Schwarzschild-de Sitter spacetime, which can be
written in the static form
2m Λr2  2 
2m Λr2 −1 2
ds = − 1 −
−
dt + 1 −
−
dr + r2 dΩ2 .
r
3
r
3
2



(1.6)

The asymptotic behavior of this spacetime in the case of no acceleration (Λ = 0) or small r
is the Schwarzschild metric, with a black hole with mass m at the center, and in the case of
large r it is the de Sitter metric in static coordinates with cosmological constant Λ. Also it
should be mentioned that in all of the equations in this thesis we use the convention in which
G = c = 1, where G is the gravitational constant and c is the speed of light in vacuum.
In the presence of matter fields or any other reason that can affect the acceleration of
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cosmological expansion, H(t) might not be constant, in fact the evidence in measurements of
H for different redshifts using the effective equation of state for matter shows that it has been
varying in time [7, 8]. The goal in this thesis is to find the effects of a time-varying H on the
light bending, and the metric we are going to use for this purpose is the McVittie metric. In
Chapter 2 we are going to discuss the previous work on the effects of a cosmological constant
on light bending. The properties of the McVittie metric and current work on light bending
in McVittie spacetime will be in Chapter 3. Our results will be contained in Chapter 4.
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CHAPTER 2
BENDING IN SdS SPACETIME
This section will be about the review of previous works, definition and results in
the literature on light bending in SdS spacetime (see papers by Ishak & Rindler [5, 6] and
Lebedev & Lake [9]). We do this in the view that we are going to generalize those results.
We are going to use 3H0 instead of Λ, where H0 will be the constant part of the Hubble
parameter in the generalized form of time dependence of it. With the SdS spacetime we have
no time and azimuthal dependence in the line element and the metric has two Killing vector
fields that represent two conserved quantities for a null ray moves along a geodesic xµ (λ),
static ξ = ∂/∂t and rotational η = ∂/∂φ, and the tangent vector will be K µ := dxµ /dλ.
Using the Killing equation ∇µ Kν + ∇ν Kµ = 0, the two conserved quantities that we can
define for a geodesic in the equatorial (θ = π/2) coordinate plane are
H0 r
Kr,
e := −gαβ ξ α K β = [f (r) − H02 r2 ]K t + p
f (r)
` := gαβ η α K β = r2 K φ ,

(2.1)

where f (r) = 1 − 2m/r. In other words the geodesic satisfies

Kφ =

`
,
r2

Kt =

e
H0 r
−p
Kr.
2 2
2 2
f (r) − H0 r
f (r)[f (r) − H0 r ]

(2.2)

With these equations, the null condition gµν K µ K ν = 0 reduces to the following
equation in terms of conserved quantities:
1  dr 2
1
1
+ 2 (f (r) − H02 r2 ) = 2 ,
2
` dλ
r
b

5

(2.3)

where we have defined b := `/e, the impact parameter. In the limit H0 −→ 0 this equation
tends to the equation that one gets for a null geodesic in Schwarzschild spacetime (see Ref.
[10] or most of the literature on SdS spacetime). The shape of the light trajectory in the
Euclidean (r-φ) plane can be found using the definition of ` in (2.1)
1
dφ
1h1
2m i−1/2
= ± 2 2 + H02 − 2 1 −
.
dr
r b
r
r

(2.4)

This equation in the constant time hypersurface has been derived from (2.3) and has some,
but not all of information about the null path near the nonrotating gravitational mass in it
and one should be careful when discussing the results.
Although this equation involves Λ, which ensures that the cosmological constant
has an effect on the light bending, the question arises when we get to measurement. This
equation is exactly the same as one would get for light bending in Schwarzschild spacetime
if we replace the impact parameter b with an “effective impact parameter” B, defined by:
1
1
:= 2 + H02 ,
2
B
b

(2.5)

and one might conclude that the cosmological constant does not have an effect on observations, simply because the effect is “absorbed” into the impact parameter which is not directly
measurable. This aspect has been extensively discussed starting with the original paper by
Islam [4]. However, as it is pointed out in the recent literature, this relationship between r
and φ only tells us part of the story on how the deflection angle depends on Λ, for various
reasons.
One reason, as mentioned by Ishak & Rindler [5, 6], is that this relationship only
gives us the value of the bending angle that one would measure in a flat space, if we do not
take in account the metric. This is only the projection of the trajectory of a four dimensional
null ray in 2-space. Consider for example Fig. 2.1. the bending angles, θ or even α + θ is
not the total bending angle as measured by an observer in an SdS spacetime, however it is
6

relevant and useful to get the total.
In the Schwarzschild spacetime, since a constant-t surface is asymptotically flat, one
can take the source and the observer to infinity and calculate a bending angle that does
not depend on their location, and is only a function of the impact parameter b and the lens
mass m. In the SdS spacetime, however, this is no longer true, and the constant-t surfaces
are curved, as seen from (1.6). The simplest alternative is to set up the coordinates so
that the point of closest approach is at φ = π/2 and use as measure of total bending the
sum α + θ of the angles the light ray makes with the half-lines φ = π and φ = 0 at the
respective intersection points, labeled O and S in Fig. 2.1. With φ = π/2 being the point
of closest approach and the static and spherical symmetry property of SdS spacetime, the
radial positions of S and O become equal, RSL = RL , and as a result the angles α = θ.
Knowing this, the “Euclidean” bending angle θE = tan−1 (rdφ/dr) can be easily calculated.
Expanding the result in terms of mass and neglecting the quadratic terms, one finds the well
known result (see Ref. [5])
θE ≈

2m
.
B

(2.6)

The more meaningful and covariant value for the bending angle can be obtained by taking
the metric into account in the constant-t hypersurface, as derived first by Ishak & Rindler
[5]. To write down this measurable angle we should mention that (2.5) implies that the
solutions to (2.4) will be the same with replacing b by B. Using (1.6), (2.4) and the fact
that θE ≈ 2m/b to zeroth order we can find
r
θM =

Λ 2
f (RO ) − RO
θE ' RO
3

r

Λ 2  dr −1
1 − RO
.
3
dφ RO

(2.7)

Again to zeroth order
b
b2
RO =
=
,
θE
2m

(2.8)

by substituting this into (2.7) and expanding the square root we get the value of this angle
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Figure 2.1: Definition of the main angles and static-coordinate distances used in the calculation of the light bending angle. The lensing object L is located in the origin of the coordinate
system at the distance RL from the observer O, the source S is located at distance RSL from
the lens and RS = RL + RSL from the observer O. The total angle is α + θ but only θ is
measurable by the observer. For SdS spacetime because of the symmetry the point of closest
approach is simply at φ = π/2 and the trajectory is also symmetric with respect to this
point. This is not true in McVittie spacetime.
θM to leading term in Λ,
θM =

Λb3
2m H02 b3
2m
−
=
−
.
b
12m
b
4m

(2.9)

The more sophisticated proof will be given in the next few paragraphs.
Secondly, when we are talking about the dependence of the Euclidean bending angle
on H0 through the effective impact parameter B, we are talking about different spacetimes
with different accelerations but with the same impact parameter b, which is not directly
measurable. The more useful way of finding the dependence on the acceleration is to choose
a more reasonable and in principle measurable quantity such as the distance to the lens and
the source or the redshift of the source to be the same in different spacetimes corresponding
to different H0 , or later in a more general case as we are going to see in section 3.2, different
H(t). From this point of view for each value of H0 we choose the angle θ that uniquely
defines a pair of geodesics in θ = π/2 plane, one below and one above the lens, passing
through two fixed points in the spacetime. This choice of fixed quantities will lead to a
different conclusion for the dependence of θE on H0 .
The measured angles are observer dependent. Equation (2.9) tells us the angle measured by an observer in “static coordinates” which means an observer whose world line r is
fixed and has constant angular coordinates, because in this representation the spacetime is
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sliced in a way that the spatial part of the metric is static and time independent, but one
might be interested in the measured angle in “comoving coordintes” in which the observer is
along a world line of constant R (and angular coordinates). This dependence for a general
observer moving with 4-velocity U µ con be found from the dot product of the projections
orthogonal to U µ of the vector K µ tangent to the deflected null geodesic and a radial null
vector W µ ,
cos θM =

K ·W
+ 1.
(U · K)(U · W )

(2.10)

The equation above can be derived using the same method as in special relativity. To derive
it, first we should note that with the convention c = 1, we have U µ Uµ = −1. Keeping this
in mind, we write down the geodesic null vector K µ and the radial null vector W µ in terms
of their parallel and normal components with respect to U µ ,

K µ = Kkµ + K⊥µ ,

W µ = Wkµ + W⊥µ ,

(2.11)

Wkµ = −(W α Uα )U µ .

(2.12)

where obviously we have

Kkµ = −(K α Uα )U µ ,

Since the measurement is happening in the local space of the observer who follows the
worldline with tangent vector U µ (τ ), we have

cos αM =

K⊥ · W ⊥
.
|K⊥ | |W⊥ |

9

(2.13)

It is obvious that

K⊥ · W⊥ = (Kµ + (K · U )Uµ )(W µ + (W · U )U µ )
= (K · W ) + (K · U )(W · W ),
q
|K⊥ | = (K µ + (K · U )U µ )(Kµ + (K · U )Uµ ) = (K · U ),
q
|W⊥ | = (W µ + (W · U )U µ )(Wµ + (W · U )Uµ ) = (W · U ).

(2.14)
(2.15)
(2.16)

By substituting equations (2.14), (2.15) and (2.16) in equation (2.13) we get equation (2.10).
Here we summarize some of the results that can be used later to compare with the results we
get for McVittie spacetime. From (2.13) we can derive a relationship between the Euclidean
angle θE and the angle θM measured by a static observer in SdS spacetime using simple
trigonometric algebra
tan θM =

q
f (r) − H02 r2 tan θE .

(2.17)

Also, from null geodesic equation (2.3) one can obtain the well-known first-order lens equation, which is valid for the general case of a source at distance y from the lens-observer axis
[5, 9]. Using the notation RS = RSL + RL , the result becomes:

y = RS θE −

4mRSL
,
RL θE

(2.18)

which is exactly the same as the formula for the Schwarzschild spacetime. When the source
is on the axis and aligned with the lens and observer, y = 0, we can solve for θE and we get
r
θE =

4mRSL
,
RS RL

(2.19)

which can be plugged back in equation (2.17) and in the linear limit of small angle,

tan θ = θ, as θ → 0

10

(2.20)

for the static observer measured angle we get

θM =

r

1−

 4mR
2m
SL
− H02 RL2
.
RL
RS RL

(2.21)

Now to calculate the measurable angle in comoving coordinates we have to find the aberration
factor that relates the comoving coordinates to the static coordinates. The 4-velocity of the
static and comoving observers to the zeroth order in m/r are respectively


1
µ
Ustat
= p
,
0,
0,
0
,
f (r) − H02 r2


1
µ
Ucomov =
+ O(m/r), H0 r + O(m/r), 0, 0 .
1 − H02 r2

(2.22)

Now we should express these equations in terms of angular distances, as worked out in Refs.
[9] and [11]
RS = DS ,

RL = DL ,

RSL = √

DSL
,
1 − H0 DL

(2.23)

where DL and DS are angular diameter distances to the lens and source and DSL = DS − DL .
What we get after using these in (2.18) is

y = DS θM −

4mDSL
,
DL θM (1 − H0 DL )

(2.24)

with an expansion in terms of H0 and keeping only the first-order term in m, for aligned
source lens and observer we have
r
θM =

(1 + DL H0 + DL2 H02 )

4mDSL
,
DS DL

(2.25)

using the same procedure we can recreate (2.9).
For later purposes we should remember that for a vanishing Hubble parameter, McVittie spacetime reduces to the Schwarzschild metric with a black hole of the same mass in which
the comoving and static observers are essentially the same and the measured value for the
11

bending angle would be the same for the two observers, as we can see in equations (2.21)
and (2.25) for the leading term in m. We should also remark that although the measured
angle in equation (2.25) increases with H0 , equation (2.21) decreases with H0 .
For more information about light bending and its properties in SdS spacetime, we
refer to works by Ishak & Rindler [5, 6] or papers by Lebedev and Lake [9] and by Hammad
[12].
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CHAPTER 3
LIGHT BENDING IN McVITTIE SPACETIME
3.1 McVITTIE METRIC
There are lots of metrics which describe a universe with changing acceleration, of
which the Friedman-Lemaı̂tre-Robertson-Walker metric is the most well known, because it
is the only one which is homogeneous and isotropic. The metric that we are using in this
thesis is called McVittie metric [13]. The McVittie spacetime is filled with matter that has
no flow in any direction. The pressure of this matter is due to the random motion of the
particles constituting the matter and this pressure is isotropic anywhere in the universe,
which is a consequence of the no-flow assumption [13]

T44 = ρ, T11 = T22 = T33 = −p1 , T14 = 0.

(3.1)

This equation can be obtained from the Einstein field equation with no cosmological constant

Gµν = 8πTµν ,

(3.2)

1
Gµν = Rµν − Rgµν .
2

(3.3)

where

Although some papers questioned the black hole interpretation of the McVittie metric
[14], recent works have shown that for positive values of the Hubble parameter, H(t) > 0, the
McVittie metric is a spherical black hole embedded in an accelerating universe [15, 16]. To
be able to use this metric we should assume that this black hole does not occupy a peculiar
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point in the distribution of matter in the spacetime which leads to an isotropic pressure
everywhere. The energy density part of the stress-energy tensor of this metric turns out to
have exactly the same relationship with H(t) as the FLRW

3H 2 (t) = 8πρ(t),

(3.4)

again with H(t) = ȧ(t)/a(t). One might expect for the matter in the universe to be attracted
more for the regions near the black hole and less farther so that causes inhomogeneity in
density like Vaidya metric [17, 18], but as it is argued by Kaloper et al. the homogeneity
that we are expecting in large scales due to attraction of the black hole and expansion of
universe is hidden in the pressure equations [15].
If we assume that light rays follow geodesics of metric, there is no interaction between
the matter in the McVittie universe and the light which means that there will not be any
change in the light trajectory, so for our purpose we can neglect it.
The diagonal form of the line element of this metric is written as:
1−µ 2 2
~ 2,
) dt + (1 + µ)4 a2 (t)dX
1+µ
m
µ :=
,
2a(t)R
ds2 = −(

(3.5)
(3.6)

where a(t) is the asymptotic spatial scale factor and m is the mass of central object. At
~ this metric asymptotically tends to FLRW so there is no singularity at
large values of |X|
r → ∞. This metric also has a non diagonal representation which is worth mentioning. This
~ → (t, ~x) of the “Painlevé-Gullstrand”
representation comes from a transformation (t, X)
type, defined by:
r = (1 + µ)2 a(t)R.

14

(3.7)

The line element then will take the form
dr2
2H(t)r
drdt +
ds2 = −(f (r) − H 2 (t)r2 )dt2 − p
+ r2 dΩ2 ,
f
(r)
f (r)

(3.8)

where f (r) := 1 − 2m/r as before and H(t) = ȧ(t)/a(t) and represents the asymptotic
expansion rate of the of the universe in “comoving” coordinates, in analogy to what it is
called in FLRW. For the special case of constant H we get the same metric as SdS spacetime
with cosmological constant Λ and the relation Λ = 3H02 , for this reason we call it “Hubble
parameter”. If we do a transformation for constant H like
v
u Λr2 /3
1
u
dt = dt̄ −
.
2m 1 2 t
2m
− Λr
1−
1−
r
3
r

(3.9)

we get to the traditional but non diagonal form of the Kottler spacetime[19]

ds2 = −(1 −

2m
− H02 r2 )dt̄2 − 2dt̄dr + r2 dΩ.
r

(3.10)

However in the case of time varying Λ this transformation is not useful and will not generalize
the SdS spacetime.
Looking at the form of this line element we see that the spatial part of it is time
independent also for no acceleration this metric is the same as Schwarzschild line element,
so we can think of this representation of McVittie metric as “static” coordinates.

3.2 NULL GEODESICS IN McVITTIE SPACETIME
To write down the components of the geodesic equation,

dK µ /dλ + Γµαβ K α K β = 0,

15

(3.11)

of a light ray traveling in McVittie spacetime we need to calculate the inverse of the metric
and the Christoffel symbols for this metric. The inverse of the metric in static coordinates
becomes

−rH(t)
−1
p
0
 f (r)
f (r)

 −rH(t)
p
f (r) − r2 H 2 (t) 0

=  f (r)

1
 0
0

r2

0
0
0


g −1

0
0
0
csc2 θ
r2







.





(3.12)

Using this, the nonvanishing Christoffel symbols can be obtained from

Γαβγ = (1/2)g αλ (∂β gλγ + ∂γ gβλ − ∂λ gβγ ),

(3.13)

and their explicit form becomes
f 0 (r) − 2rH 2 (t)
rH(t)[2rH 2 (t) − f 0 (r)]
p
,
, Γtrt = Γttr =
f (r)
2 f (r)
H(t)
r2 H(t)
r2 H(t) sin2 θ
t
t
p
p
Γtrr =
,
Γ
=
,
Γ
=
,
θθ
φφ
(f (r))3/2
f (r)
f (r)

Γttt =

rH(t) 0
2rH 2 (t) − f 0 (r)
, Γrrt = Γrtr = p
(f (r) − 2rH 2 (t)),
2f (r)
f (r)
p
1
Γrtt = ((f (r) − r2 H 2 (t))(f 0 (r) − 2rH 2 (t)) − 2r f (r)Ḣ(t)),
2

Γrrr =

Γrθθ = r(r2 H 2 (t) − f (r)),
1
Γθrθ = Γθθr = ,
r
1
φ
φ
Γrφ = Γφr = ,
r

Γrφφ = r sin2 θ(r2 H 2 (t) − f (r)),

Γθφφ = − cos θ sin θ,
Γφθφ = Γφφθ = cot θ.
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(3.14)

Now the geodesic equation can be written in the “static” representation with the tools we
have, and we get
dK t  rH(t)[2rH 2 (t) − f 0 (r)]  t 2 f 0 (r) − 2rH 2 (t) r t
p
+
(K ) +
K K
dλ
f (r)
2 f (r)
+

H(t)
H(t)`2
r 2
p
(K
)
+
= 0,
(f (r))3/2
f (r) r2

(3.15)

for the time component of the geodesic equation, and
dK r 2rH 2 (t) − f 0 (r) r 2
rH(t) 0
+
(K ) + p
(f (r) − 2rH 2 (t))K t K r
dλ
2f (r)
f (r)
`2 2 2
1
+ 3 (r H (t) − f (r)) +
(f (r) − r2 H 2 (t))(f 0 (r) − 2rH 2 (t))
r
2

p
−2r f (r)H 0 (t) (K t )2 = 0,

(3.16)

for the radial component, in which λ is the affine parameter, ` = r2 K φ is the conserved
angular momentum and K µ is the tangent vector to the xµ (λ) geodesic. ` is the only
conserved quantity in this spacetime, since the only Killing vector will be η = ∂/∂φ, which
means we can choose a plane for the null ray and we choose θ = π/2 and this is the fact
that we have used in equations (3.15) and (3.16). For the third equation we can use the null
condition for the line element instead of using the geodesic equation for φ, and that is
1
`2
2rH(t) r t
K K −
[f (r) − r2 H 2 (t)](K t )2 + p
(K r )2 − 2 = 0.
f (r)
r
f (r)

(3.17)

This equation also can be used to fix the initial conditions so that they give equal distance
for the source and the observer.
As we see the equations look very complicated and we do not know how to solve them
analytically in the case of general time varying H, so we solve them numerically, using the
fourth-order Runge-Kutta method. The form of the function that we choose for H as an
approximation will be the case of H being linearly dependent and slowly varying function
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during the relevant time scales

H(t) = H0 + A(t − t0 ),
A = Ḣ(t0 ),

(3.18)

where H0 is the value of the Hubble parameter when the light ray leaves the source and t0 is
the time of emission. Even with this simplification the equations do not look much better.
There are a few possible ways to compare different spacetimes corresponding to different
values of A and get a sense of the dependence of the bending angle, θM , on the acceleration
of expansion. One of them is to simply fix the impact parameter b as is done in previous
works on SdS spacetime. The other way is to fix more physical and in principle measurable
quantities such as the distances between lens and the observer or a better choice, the redshift,
since it is something that we can measure directly.
We choose the second way, i.e, we first assume that we have the information about
the distance to source, RS , and lens, RL (which is true for the first order term in m). Also we
should mention that we assume that the lens and the source are aligned with the observer,
which is certainly not the most general case, but it is the most relevant, because physically
these cases are the ones that are more noticeable. The more general cases are left to the
future work.
The lens is located at r = 0 and the source has coordinate location r = RSL = RS −RL ,
φ = 0 at t = t0 . The light ray for a chosen fixed distance can have a unique pair of null
geodesics passing through the position of the observer and the source. for definiteness we
choose the counterclockwise path. To get this null geodesic we need to know the angle to
shoot the light ray from the source. What we are doing is that we shoot the light ray at
some chosen angle (chosen K φ and K r ), then we measure the aligned observer’s distance,
RL , if it is not the same as the source’s distance then we change the shooting angle based
on largeness or smallness of RL , and do it as much as needed to get a same distance within
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desired precision.
In the case of a time dependent H(t), the deflected angle and the original angle will
not be equal, the light path will not be symmetric about the point of closest approach and
φ = π/2 is not the point of closest approach anymore, even if the RSL and RL are the same,
in contrast to SdS spacetime in Fig. 2.1. However the time independent H(t) gives us the
similar value as it is done in the SdS spacetime.
Once we got the angle of shooting and we got the component of K µ , we should
measure the bending angle, θM , as it is measured by an observer with 4-velocity U µ . The
static-coordinate components of the 4-velocity in static and comoving observers are


1
µ
, 0, 0, 0 ,
Ustat
= p
f (r) − H 2 (t)r2
p


(1 + f (r))
µ
p
, H(t)r, 0, 0 ,
Ucomov =
[1 + f (r)][f (r) − 1]

(3.19)

respectively, where we have used the normalization condition and the coordinate transformation

gαβ U α U β = −1,
α
Ucomov
=

α
∂Xcomov
β
∂Xstat

(3.20)
β
Ustat
,

(3.21)

and the null ray radial components are

W µ = (1,

p
p
f (r)( f (r) + H(t)r), 0, 0),

(3.22)

which is the same as K µ when ` = 0. It should be noted that the positive R component of
the observer’s comoving velocity indicates that it is moving away from the source. This will
be important later when we talk about the redshift.
The values of the parameters in the metric are chosen in a way to be realistic and

19

comparable to the values established by the observations. We choose m = 1014 Msun for the
mass of the lens in a way that it is close to the mass of a galaxy cluster and describes the
situation in which the light ray is traveling in cosmological distances. For H0 we choose three
values in the range 0 to 70 km/s/Mpc (0 corresponds to no expansion and 70 corresponds to
currently accepted value). Choosing A is more tricky. For that to have a realistic range of
values we use q = 21 (1+3w), where w is the cosmological equation of state parameter and the
current estimates for this parameter is in the range 1.05 to 1.25 [7]. Using these values and
the relationship Ḣ = −(1 + q)H02 we choose A to be between −1.0 × 10−9 and +1.0 × 10−9
km/s/Mpc/yr. To specify the null geodesic, for the coordinate values of the source-lens and
lens-observer distances we choose RSL = RL = 1 Gpc, considered as representative of typical
values in a cosmological lensing situation, with the tolerance of 10−3 Mpc in the vale of r for
the intersection of the geodesic with φ = π.
The results of our simulations are shown in Figs. 2–4. For comparison to what we said
in Section 2 about SdS spacetime, Fig. 3.1 shows the Euclidean angle θE = tan−1 (rK φ /K r )
as a function of A, for various values of H0 . As can be seen for the case of A = 0 we recover
the result of SdS spacetime and the value is in agreement with what one obtains from (2.19).
Since our solution is numerical and is a solution to a nonexpanded equation it is more exact
than equation (2.19), and as we can read from the plots for this particular value of A for
our choices of fixed values, we see that there is no dependence on H0 in the Euclidean angle,
which is different from what one gets by fixing b; when A 6= 0 however θE depends on H0 .
Figs. 4.1 and 4.2 show the more physically meaningful actual (curved geometry) angle
θM measured by static and comoving observers, respectively as a function of A for various
values of H0 . It can be checked that for A = 0, in SdS spacetime, the values of the staticobserver angle θM agrees with (2.21). It is worth noting that while in Fig. 4.1 the angles
decrease with H0 , in Fig. 4.2 they increase with H0 ; this is consistent with what equations
(2.21) and (2.25), respectively, tell us for the A = 0 case.
For the more physical situation with the redshifts included we should talk about a
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stationary observer in the comoving coordinates. It is more physical than the static one
because the spacetime is (asymptotically) homogeneous in these coordinates. An observer
who is stationary in the comoving frame has the 4-velocity

α
Ucomov
=

1 + µ
1−µ


, 0, 0, 0 ,

(3.23)

conversion to static coordinates gives rise to a nice form

α
Ustat
=

p

f (r), rH(t)f (r), 0, 0 ,

(3.24)

we still do the calculations in static coordinates which are more convenient because in this
coordinates the slicing is in a way that has no expansion of spatial coordinates.
We are going to work on a case in which the lens observer and the source are still
perfectly aligned but the distance of source to the lens is equal to the distance of observer to
the lens in the comoving coordinates. For this purpose we need the redshift of the light due
to travel from the source to lens and from lens to the observer to be equal zSL = zLO . We
assume the redshifts at each point are measured by a static observer present at that point.
The redshift of light from lens to the observer should be effectively equal to the redshift of
the lens since, difference in distance length is negligible.
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Figure 3.1: A plot of the Euclidean angle θE for an observer at fixed distances RS = 2
Gpc from the source and RL = 1 Gpc from the lensing object (in static coordinates) vs.
the acceleration parameter A, for various values of H0 . For A = 0 the bending angle is
independent of H0 , to a good approximation (10−4 percent), and its value agrees with (2.19).
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CHAPTER 4
RESULTS
The simulations for the constant distance in static coordinates were run with fixed
values for the mass of the central object and distances form the observer to the source and
lens, in static coordinates, while we used three different values for H0 and in each case we
looked at how the angle of arrival of null geodesics at the observers location varied with A;
in the A = 0 case our results are in agreement with earlier perturbative calculations for light
bending in Schwarzschild-de Sitter spacetimes [5, 9].
Each simulation gave us three different values for the angle of arrival. The Euclidean
angle (calculated using an auxiliary, fictitious flat spatial metric and therefore not physically
measurable, but nevertheless useful for comparison with previous work and as a check on
the results) is independent of H0 if there is no acceleration, A = 0, but interestingly our
simulations show a small dependence on H0 if one considers cases with A 6= 0.
The dependence on H0 is understandable when we have an acceleration. With our
definition of Hubble parameter, H(t) = H0 + At we can compare spacetimes with different
values of H0 in the following way. If we define a new time coordinate, t0 = H0 /A + t, so that
the dependence of different spacetimes on the Hubble parameter is of the form H(t0 ) = At0 ,
we see that the origin of the time in new coordinates is shifted from the origin of time in the
old coordinates with the value of H0 /A. Since the time coordinate in static and comoving
coordinates are the same, we can see that having an H0 6= 0 corresponds to shooting the light
from a later or earlier time corresponding to sign of H0 which can give us smaller bending
angle in case of positive H0 since the distances are already expanded with respect to the
H0 = 0 case, and bigger angle for negative H0 .
The other types of the angles calculated in the text are the ones that would be
23

measured by static and comoving observers, respectively and both show a dependence on H0
as well as A.
This approach can be improved in various ways, two of which are the fact that we
fixed the values of the source and the lens coordinates RS and RL as if they were directly
measurable, and the fact that we considered only cases in which the source, lensing object and observer are aligned. Obtaining results beyond the latter limitation is essentially
straightforward, to a more general setting.
To replace the criterion based on values of R by a more realistic one based on redshifts,
one would have to use the relationship between redshifts and distances. which depends on
the cosmological expansion history. Related to this is the fact that, although the simulations
themselves and the calculations of the arrival angles are nonperturbative, fixing values of R
is equivalent to fixing those of actual spatial distances only to the leading order in m; and
using the same values of H in different spacetimes at the time the geodesic leaves the source
is equivalent to using the same values of H when geodesics arrive at the observer’s location
also only to the leading order.
Unfortunately, the expansion of the universe is such that the current value of Ḣ is
small, and the effects we described would seem to be dwarfed by measurement uncertainties
and departures of actual galaxy clusters from the spherically symmetric objects used here
to model them. We view this work as a first step in quantifying the effect of Ḣ on light
bending and lensing in a useful way, and it will have to considerably extended before these
extra bending effects can be meaningfully related to measurements.
The redshift approach to this problem is an ongoing research, the results are not
ready to publish yet.
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Figure 4.1: A plot of angle θM measured by a static observer at fixed distances RS = 2 Gpc
from the source and RL = 1 Gpc from the lensing object (in static coordinates) vs. the
acceleration parameter A, for various values of H0 . for each value of A, the arrival angle
decreases with H0 .
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Figure 4.2: A plot of angle θM measured by a comoving observer at fixed distances RS = 2
Gpc from the source and RL = 1 Gpc from the lensing object (in static coordinates) vs. the
acceleration parameter A, for various values of H0 . For each value of A, the arrival angle
increases with H0 .
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